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Instantons on Cylindrical Manifolds 

Teng Huang 


Abstract 

We consider an instanton, A , with L^-curvature Fa on the cylindrical manifold 
Z = R X M, where M is a closed Riemannian n-manifold, n > 4. We assume M 
admits a 3-form P and a 4-form Q satisfy dP = 4Q and d *m Q = (n — 3) *m P- 
Manifolds with these forms include nearly Kahler 6-manifolds and nearly parallel 
G 2 -nianifolds in dimension 7. Then we can prove that the instanton must be a flat 
connection. 
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1 Introduction 

Let X be an {n + 1)-dimensional Riemannian manifold, G be a compaet Lie group and 
F be a prineipal G-bundle on X. Let A denote a eonneetion on E with the curvature Fa- 
The instanton equation on X can be introduced as follows. Assume there is a 4-form Q on 
X. Then an (n — 3)-form *Q exists, where * is the Hodge operator on X. A connection, 
A , is called an anti-self-dual instanton, when it satisfies the instanton equation 

* Fa + *Q A Fa = 0 (LI) 

When n + 1 > 4, these equations can be defined on the manifold X with a special 
holonomy group, i.e. the holonomy group G of the Levi-Civita connection on the tangent 
bundle TX is a subgroup of the group SO{n +1). Each solution of equation dl.ll) satisfies 
the Yang-Mills equation. The instanton equation (11.11) is also well-defined on a manifold 
X with non-integrable G-structures, but equation (11.11) implies the Yang-Mills equation 
will have torsion. 
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Instantons on the higher dimension, proposed in (Hi and studied in [|5l[8l|9l|^|^, are 
important both in mathematies BH and string theory IfT^ . In this paper, we eonsider 
the cylinder manifold Z = H x M with metric 

gz = dt^ + qm 

where M is a compact Riemannian manifold. We assume M admits a 3-form P and a 
4-form Q satisfying 

dP = 4Q (1.2) 

d *M Q = {n — 3) *M P. (1.3) 

On Z,the 4-form [[TH [TSl can be defined as 

Qz = dt A P P Q. 

Then the instanton equation on the cylinder manifold Z is 

* Fa -f *Qz A Fa = 0 (1.4) 

Remark 1.1. Manifolds with F and Q satisfying equations (11.21) . (11.31) include nearly 
Kahler 6 -manifolds and nearly parallel (^ 2 -manifolds. 

(1) M is a nearly Kahler 6 -manifold. It is defined as a manifold with a 2-form u) and a 
3-form F such that 

dbj = 3 *M P Cind dP = 2u A u =: 4Q 
For a local orthonormal co-frame {e“} on M one can choose 

u; = e^^ + 6^4 + and P = _ ^236 _ ^245^ 

where a = 1,..., 6 , - A ... e^, and 

^ g235 ^ gl36 _ g246^ g ^ ^1234 ^ ^1256 ^ g3456_ 

Here *m denotes the *-operator on M. 

(2) M is a nearly parallel G 2 manifold. It is defined as a manifold with a 3-form F (a 
G 2 structure BUl) preserved by the ( 3*2 C SO{7) such that 

dP = 'y *M P 

for some constant 7 G R. For a local orthonormal co-frame 6°“, a = 1,..., 7, on M one 
can choose 

P = el23 + el45 _ gl67 ^ g246 ^ ^257 ^ ^347 _ ^356 

and therefore 

*^F =-.Q = -f _ ^ 1247 ^ 


It is easy to check dP = 4Q. 
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Constructions of solutions of the instanton equations on eylinders over nearly Kahler 
6 -manifolds and nearly parallel G 2 manifold were eonsidered in |[I1 [T3l [l5l [HI . In [fT^ 
section 4, the authors eonfirm that the standard Yang-Mills funetional is infinite on their 
solutions. In this paper, we assume the instanton A has -bounded eurvature Fa. Then 
we have the following theorem. 

Theorem 1.2. (Main theorem) Let Z = R x M, here M is a closed Riemannian n- 
manifold, n > 4, which admits a smooth 3-form P and a smooth A-form Q satisfying 
equations t li.2l) and t li.3D . Let A be a instanton over Z. Assume that the curvature Fa G 
L2(Z) i.e. 

[ {Fa a *Fa) < +00 
Jz 

Then the instanton is aflat connection. 


2 Esitimation of Curvature of Yang-Mills connection with 
torsion 

Let Q be a smooth 4-form on n-dimensional manifold X. Let A be an anti-self-dual 
instanton whieh satisfies the instanton equation (11.11) . Taking the exterior derivative of 
(11.11) and using the Bianehi identity, we obtain 

d-A * Fa + A Fa = 0, (2.1) 

where the 3-form TL is defined by 

^n = d{*Q). (2.2) 

The seeond-order equation (12.11) differs from the standard Yang-Mills equation by the last 
term involving a 3-from TL. This torsion term naturally appears in string-theory eompaeti- 
fieations with fluxes ||2l[T0l[rT]|. For the ease d{*Q) = 0 , the torsion term vanishes and the 
instanton equation (11.11) imply the Yang-Mills equation. The latter also holds true when 
the instanton solution A satisfies d{*Q) A F^ = 0 as well, like the eases, on nearly Kahler 
6 -manifolds, nearly parallel (^ 2 -manifolds and Sasakian manifolds |[T4ll . 

In seetion 4.2 of 01 or in seetion 2.1 of 03l . they online that in the instanton does not 
extremize the standard Yang-Mills funetional in the torsionful ease. Instead, they add a 
add a Chem-Simons-type term to get the following funetional: 



This is the right funetional whieh produees the eorreet Yang-Mills equation with torsion. 
And the instanton equations (11.11) ean be derived from this aetion using a Bogomolny 
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argument. In the ease of a elosed form *Q, the seeond term in (12.31) is topologieal invariant 
and the torsion (12.21) disappears from (12.11) . 

In this seetion, we will derive monotonieity formula for Yang-Mills eonneetion with 
torsion (12.11) . Its proof follows Xian’s arguments about pure Yang-Mills eonneetion in [|23 
with some modifieations. 

Let X be a eompact Riemannian n-manifold with metric g and is a vector bundle 
over X with compact structure group G. For any connection A of E, its curvature form 
Fa takes value in Lie{G). The norm of Fa at any p e X is given by 


\Fa\^ = '^{FA{ei,ej),FA{ei,ej)), 


where {cj} is any orthonormal basis of TpX, and (•, •) is the Killing form of Lie{G). 

As in |[22l . we consider a one-parameter family of diffeomorphisms {ilJt}\t\<oo of X 
with tpo = idx- We fix a connection Aq, and denote by its derivative D. Then for any 
connection A, we can define a one-parameter family {At} in the following way. Let 
be the parallel transport on E associated to Aq along the path il’s{x)o<s<t, where x G X. 
More precisely, for any u e E^ over x G X, let r°(ti) be the section of E over the path 
i>s{x)o<s<t such that 

t°(m) = 0 , T^{u) = u. 

as 

We define a family of connections At := by defining its covariant derivative as 

Dis = (r°)-^(L)d^,(^)(r°(s))) 

for any i/ ^TX, s G r(X, E). Then the curvature of At is written as 
F^,(Xi,X 2) = (r°)-i ■ F^(#i(Xi),#t(X2)) ■ r°. 


It follows that 


\FA{d'il:t{ei),d'i/jt{ej))\‘^{'ipt{x))dVg. 

*j=i 

where dVg denotes the volume form of g, and {ej} is any local orthonormal basis of TX. 
By changing variables, we obtain 
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Let v be the vector field ^|t=o on X. Then we deduce from the above that 


jYM{At)\t=o = JjtuFA,d*^FA) 


= / Tr{FFAAFAA{d*Q)) 


'X 


/ {\FA\^divu + 4:^{FA{[i^,ei\,ej),FA{ei,ej)))dVg 
'X 


i,j=i 


< X 


{^FA'^divv — 4 E {FA{VeXXj),FA{ei,ej)))dVg 

*j=i 


(2.4) 


Fix any p E X, let be a positive number with following properties: there are normal 
coordinates xi,..., in the geodesic ball Br^{p) of (X, g), such that p = (0,..., 0) and 
for some constant c(p), 


\9ij - dij\ < c(p)(|xip + ... + |x„n, 


\dgij\ < c(p)\/|xi|2 + ... + |x„|2, 


where 


9ij 


9{ 


A A 

dxi ’ dxj 


Let r(x) := .^x^ + ... + x^ be the distance function from p. Define = e(r)r|:, 
where ^ is some smooth function with compact support in B^pip). Let {ci,..., e„} be 
any orthonormal basis near p such that f . Since xi,..., x„ are normal coordinates, 
we have V_9 ^ = 0. It follows that 


V.!^ = (er)'|- = KV + e)|-. (2.5) 

dr (jr or 

Moreover, for z > 2, 

d ^ 

i=i 

where \hij — 5ij\ = 0(l)c(p)r^. Applying (12.51) and (12.61) to the variation formula (12.41) . 
we obtain 


'X 


{z^Fa, d\FA) = / {iFAl^i^r + {n- 4)^ + 0{l)c{pyOdVg 


' X 


d 


(2.7) 


4 / yr\^^^FA?)dVg. 


'X 


where = Fa(|:,-). 
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We choose, for any r small enough, ^(r) = where rj is smooth and 

satisfies: ri{r) = 1 for r G [0,1], //(r) = 0 for r e [1 + e, cxe), e < 0 and //'(r) < 0. Then 




( 2 . 8 ) 


Plugging this into (12.71) . we obtain 


d 


' X 


{t,FA,d\FA)=T—{ I ^r\FA\^dVg) 


'X 


+ ({i-n) + 0{l)c{p)T‘) / ir\F^\^dV, 


(2.9) 


' X 




Choose a nonngeative number a > 0{l)c{p)rp + max^-gx M(*Q)|(a:). Then we deduce 
from the above 


JjAFAfdV,) 




(^^§^{Jjr\-^^FA\^dVg) + i-Oil)cip)T + a)jjr\FA\^dV^ ( 2 . 10 ) 


- / Tr{i,FA A Fa A d{*Q)) 

Jx 

We have the fact: 


Tr{iyFAAFAAd{*Q))\< / |i/| ■ |Fa|^ ■ max |(i(=t=(5)| 


' X 


'X 


xGX 


< max |(i(*(5)| 


xGX 


'S^(i+e)(p) 


r(l + e)|F^|W, 


( 2 . 11 ) 


Then, by integrating on r and letting e tend to zero, we have already proved: 
Theorem 2.1. Let r^, c(p) and a be as above. Then for any 0 < a < p < Vp, we have 


/ \FA\^dVg-a^-^e^^ / \FA\‘^dVg 

JBpip) JB^ip) 


> 4 


d 


lBp{p)\B,(p) 


or 


( 2 . 12 ) 


+ / ”(a — max |(i(=t:(5)| — (9(l)cpr) / \FA\^dVg)dT 

' '' x£X I > 


'Br(p) 


Next, we prove a mean value inequality about the energy dense \Fa\‘^. The Bochner- 
Weitzenbock formula (||3l. Theorem 3.1) is 


{dAd*A + d*AdA)FA — aFa F Fa^ {Ric A g + 2R) + TZ^{Fa). 
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Since yl is a instanton and the Bianchi identity dAFA = 0, we re-write the left hand 

{dAd\ + d\dA)FA = dA{* {d{*Q) A Fa)) 

Hence 

* {d{*Q) A Fa))\< n\V{d{*Q))\FA\ + n\d{*Q)\\V aFa\ 
due to for all Xi, X 2 ,..., Xn -2 G T^X, where n = dimX, 
d*^{{d{*Q)AFA)){X,,X2,...,X^_2) 

i 

= -11 A Fa) (e^, Xi, ..., X„_2) 

i 

- H {{d{*Q)) A iyA)e,FA) (e„ Xi,..., X„_ 2 ), 

i 

Then we have 

\{{dAd\ + d\dA)FA, Fa)\< n|V(d(*g))| ■ IF^I' + n|d(*g)| ■ \VaFa\ ■ \Fa\ 

< Ci\Fa\^ + C2{e\VAFA\^ + VaP) 

e 

where e is a positive constant. 

The quadratie F^{Fa) G can be expressed with the help of a loeal orthonormal 
frame (ci, 62 ,, e„) of TX as 

n 

7^■"(F^)(Xl, X 2 ) = 2 Xi), F^(e„ X 2 )]. 

j=i 

The estimate of the Laplacian now follow from 

-V*V|Fa|2 = -2| VaFaI' - 2{Fa, V*aVaFa) 

< 2{Fa, Fa o {Ric A g + 2R)) + 2{Fa, TZ^{Fa)) 

+ C,\Fa\^ + C2{e\VAFA? + VaP) - 2|V^F^p 

e 

We ehoose e small enough such that F 2 £ < 2, then we have 

A|F^| 2 <C'|F ^|2 + c|F^|3. 


Thus, we get 


A|F^| AFlF^I+clF^ll 


( 2 . 14 ) 
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Theorem 2.2. Let A be any Yang-Mills connection with torsion of a G-bundle E over 
X. Then there exist constants e = e{X, n,Q) >0 and C = C{X, n), such that for any 
p E X and p < Vp, whenever 

A" f \FA\^dVp < e 

JBp(p) 

then 

\Fa\{p) < f \FA\^dVp)K (2.15) 

P Jb,{p) 

Our proof here use G.Tian’s arguments in [|22l for pure Yang-Mills eonneetion. 


Proof By sealling, we may assume that p = 1. Define a funetion 
/(r) = (l-2r)2 sup iF^Ka;), r G [0, 

x£Br{p) ^ 

Then /(r) is eontinuous in [0, |] with /(|) = 0, and / attains its maximum at a eertain tq 
in [0,i]. 

First we elaim that /(rg) < 64 if e is suffieiently small. Assume that f{rf) > 64. Put 
h = \Fa\{x) = |Fa|(xo) by taking a = |(1 - 2ro), we get 


sup \Fa 

x€Ba{xo) 


< sup \Fa\{x) 

X G + (T (P) 


< 


(1 - 2ro)2 

(1 - 2ro - 2a)2 J^p) 


\FA\{x)=4b. 


(2.16) 


Clearly, 16a^b > 64; i.e., a\/b > 2. Define a sealed metrie g = bg. Then the norm {FaIp 
of Fa is equal to b~^FA with respeet to g. Henee 


sup ^ \FA\g < 4, (2.17) 

xeB2{xo,g) 

where B 2 {xo,'g) denotes the geodesie ball of f with radius 2 and eentered at xq. Using 
(12.171) . we deduee from (12.141) that in B 2 {xo,g), 


Ai,|F.4|5<(C’ + 4c)|F^|5. 


Then, by using the mean-value theorem, we obtain 

1 = \FA\g{xo) <c{[ \FA\~dVg)^. 

JBi{x,g) 


(2.18) 


(2.19) 


where c is some uniform eonstant. 
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However, by the monotonieity (Theorem 12.11) . 




\¥v, 


= [ 

\FA\^dVg 

Jb 1 (xo) 


Vb 


< f 

\FA\^dVg 

^ JBi{xo) 





Combining this with (12.191) . we obtain 


1 < ce2^-^e^. 


It is impossible sinee we ean choose e = n, Q) sufficiently small. The claim is 
proved. 

Thus, we have 

sup \Fa\{x) < 4/(ro) < 256. 

xCBi (p) 

It follows from this and (12.141) with g replaced by g that for some uniform constant c'. 


X,\Fa\ < c'\Fa\. 


( 2 . 20 ) 


Then (12.151) follows from (12.201) and a standard Moser iteration. 


□ 


3 Asymptotic Behavior and Conformal Transformation 

3.1 Chern-Simons Functional 


The main aim of this section is to get the relationship between gauge theory on an n- 
dimensional manifold M and the gauge theory on the n + 1-dimensional manifold Z = 
R X M. The main idea is that a connection on R x M can be regard as one-parameter 
families of connections on M by local trivialisation. Let t be the standard parameter on 
the factor R in the R x M and let be local coordinates of M. A connection A 

over the cylinder Z is given by a local connection matrix 

n 

A = A^dt -f Aidx^. 

i=l 


where Aq and A* dependence on all n -f 1 variable t,x^,, x"'. We take Aq = 0 (some¬ 
times called a temporal gauge). In this situation, the curvature in a mixed Xj-plane is given 
by the simple formula 


Foi — 


dA, 
dt ■ 
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We denote A = ^^^=1 and A = ^, then the eurvature is given by 

Fj^ = Fa + dt A A. 

M has a Riemannian metrie and ^-operator *m- If 0 is a 1-form on M then, for ^-operator 
defined on Z = H x M with respeet to the produet metrie, we have 

*{dt A (p) = *M(p- 

Then the instanton equation is equivalent to 


*M A = - *M P ^ Fa, 

*M Fa = —A A *mP — *mQ A Fa- 


(3.1) 

(3.2) 


Let E —)■ M be a vector bundle, the space A is an affine space modelled on f2^(0E) so, 
fixing a reference connection Aq G A, we have 


A — Aq + 


We define the Chern-Simons functional by 


CS{A) := — [ Tr{a A dA^a H —a Aa Aa) A *mP, 

J M 3 

fixing C'S'(Ao) = 0. This functional is obtained by integrating of the Chern-Simons 1- 
form 



We find CS explicitly by integrating T over paths A{t) = ^40-1- ta, from Aq to any 
A = Aq w. 



= — Tr{dAoCi Aa +-a AaAoPj A *mP + C, 

J M 3 

where C = C{AQ,a) is a constant and vanishes if Aq is an instanton. The co-closed 
condition d *m P = 0 implies that the Chern-Simons 1-form is closed. So it does not 
depend on the path A{t) [171^l2ll. Since 


dTr{dAoa Aa+‘^aAaAa) = rr(Fj^+„ - FjJ, 


we can re-write Chern-Simons functional as 



Jm 


(3.3) 



the second formula holds because of equation (11.31) . 
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3.2 Asymptotic Behavior 

Let Z = R X M be an (n+l)-manifold and M be an n-manifold. Let A be an instanton on 
Z with finite energy, i.e. l-^Ap < oo. We use the Chem-Simons funetional to study the 
decay of instantons over the cylinder manifold. We will see that, an instanton with L^(Z)- 
bounded curvature can be represented by a connection form which decays exponentially 
on the tube. 

We consider a family of bands Bt = {T — 1,T) x M which we identify with the 
model B = (0,1) x M by translation. So the integrability of |FaP over the end implies 
that 

/ l-^Ap —^0 as T —)■ cxD. 

J{T,T+l)xM 

Proposition 3.1. Let Z = R x M, here M is a closed Riemannian n-manifold, n > 4, 
which admits a smooth 3-form P and a smooth 4-form Q those satisfy equations di.2D 
and di.il) . Let A be a instanton over Z, then at the end of Z there is a fiat connection T 
over M such that A converges to L, i.e. the restriction A\mx{t} converges (modulo gauge 
equivalence) in C°° over M as T —)■ oo. 


Proof. We choose 

P = + 1) X M,gz), 

where Inj[(t, f + 1) x M) > 0 denotes the injectivity radius of the manifold ((T, T + 
1) X M, gz) . It’s easy to see p is not dependent on t. Since *Qz = *mP + dt A *mQ, we 
obtain 

^m^ax^ \d{*Qz)\‘^ = naax (\d *m P\^ + \d{*MQ)\^) < oo, 


and 

max |V((i * Qz)\ < max |V((i *m .P)| + max |V((i *m Q)| < oo. 

{x,t)cZ xGM xGM 

We denote e = e{Z, n, Q) as the constant in Theorem 12.2[ Then there exist T sufficiently 
large such that t >T,we have 


/ 

J{T,T+l)xM 


2 


<ep 


n—3 


Then for any point (t, x) G (T, T + 1) x M, we have 


P'-" [ \Fa 

J Bp(x,t) 


< e. 


From Theorem l2.2l we have 
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It implies that for any sequence Tj —)■ cxd there exist a flat connection T over M such that, 
after suitable gauge transformations, 


^ r, 

in C°° over M. 

Under above, from (13.31) we can write Chem-Simons function as 

1 


□ 


CS{A{T)) - CS{A{oo)) = 


n — 3 


Tr{FA A Fa) A *mQ- 


’M 


Lemma 3.2. Let A be an instanton with temporal gauge, then 


CS{A{T')) - CS{A{T)) = 


'[T,T']xM 


Tr{FA A *Fa) 


(3.4) 


(n-3) / {CS{A{t))-CS{A^))dt 


Proof. Using the method of previous section, we have 

d 


jCS(A(t))=TMn(A(t)) 


Then 


r-T' 


r-T' 


CS{A{T')) - CS{A{T)) = / dCS{A{t)) = / TA(t){A{t))dt 


= -2 


'[r,T']xM 


Tr{FA{t) Adt A A{t)) A *mP 


/'I p 

^ J Tr{FA A Fa) A *MQ^dt 


>T 

rT 


J[T,T']xM 

[ Tr{FA A *Fa) - (n - 3) I {CS{A{t)) - CS{A{oo)))dt 

'[T,T']xM Jt 


□ 


We set 


j(T) ^ /; 


a|Il2 


[T,oo)xM 


Tr(FA A *Fa). 


On the one hand, we can express J{T) as the integration of Tr(FA A Fa) A *Qz, since A 
is an instanton. 

J{T)= [ Fr(FA A Fa) A 

J[T,oo)xM 

From (13.41) . taking the limit over finite tubes (F, T') x M with T' — )■ +cxd we see that 

poo 

J{T) = CS{A{T))-CS{A^)-{n-3) {CS{A{t)) - CS{A{oo)))dt (3.5) 
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where A{T) is the eonneetion over M obtain by restrietion to M x {T}. From (13.51) . we 
ean obtain the T derivative of J as 

-^J(T) = ^{C'S(A(T)) - CS(yl(oo))) + (n - 3)(CS(.4(r)) - CS(A^)) (3.6) 

On the other hand, the T derivative of J{T) ean be expressed as minus the integration over 
M X {T} of the eurvature density |FaP, and this is exaetly the n-dimensional eurvature 
density |Fa(t) P plusing the density | Ap. By the relation (11.21) and (11.31) between the two 
eomponents of the eurvature for an instanton, we have 

\\Fa(t)\\l2(^m) — ~ Tr{FA(T) A *mFa{t)) 

J M 

= — f Tr[FA{T) A {—A{T) A *mP)) 

J M 

+ / Tr{FA{T) A Fa(t)) A *mQ 

Jm 

= WMUhm) - (n - 3) {CS{A(T)) - CS{A^)) 

Thus 

Aj(t) =-2||F.4,T,||i,,„|-(n-3)(C’S(3l(T))-C’S(3l.„)) (3.7) 

= -nMhm + (n - 3) {CS(A{t)) - CS(A^)) (3.8) 

From (13.61) and (13.71) . we have 

^(CS(A(T)) - CS(Ao^)) + 2(n - 3)(CS(A(T)) - CS(A^)) < 0 

From (13.61) and (13.81) . we have 

A(cs(7i(r))-GS(7i„)) <0 

It’s easy to see these imply that (CS(A(t)) — CS(Aoo)) is non-negative and deeays ex¬ 
ponentially, 

0 < ((:;^(A(r)) - (7^(2io„)) < (3.9) 

We introduee a parameter 5 and set 

poo 

LAT) := j 

Theorem 3.3. Let A be an instanton with -bounded curvature on Z = H. x M, here 
M is a closed Riemannian n-manifold, n > 4, which admits a smooth 3-form P and a 
smooth A-form Q those satisfy equations (li.2l) and ( li.3D . Then there is a constant C, such 
that 

Ls{t) < 

where 0 < (i < 2n — 6. 
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Proof. From (13.61) . we get 

l|f’All!»(M) = -^{CS{A{t)) - CS(.4..„)) - (n - 3)(CS(.4(()) - CS(4J 

Then 


/oo > 

e^^-{CS{Ait))-CS{A^)) 

/ OO 

e^\CSiA{t))-CS{A^)) 

poo 

= -e^\CS{A{t)) - C^(Aoo)) \¥ + 5e^\CS{A{t)) - CS{A^)) 

/ OO 

e^\CS{A{t))-CS{A^)) 

/ OO 

5e^\CS{A{t))-CS{A^)) 

/ OO 

C6 


= {C + 


2n — 6 — S 


)e 


{5-2n+6)T 


□ 


3.3 Conformal Transformation 

We consider Z = C{M), where C{M) is a cone over M with metric 

gz = dr^ + r'^QM = + Qm), 

where r := e*. 

It means that the cone C{M) is conformally equivalent to the cylinder 

Z = Kx M 

with the metric 

gz = dt^ + gM- 

Furthermore, we can show that the instanton equation on the cone Z = C{M) is related 
with the instanton equation on the cylinder Z = H x M , 

*Fa + *Qz A Fa = e("-3)*(*FA + *Qz A Fa) = 0, 

where dimC{M) = dimZ = n + 1, * is the ^-operator in C{M). And 


Q-=e^\dtAP + Q). 


( 3 . 10 ) 
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In the other word, equation on C{M) is equivalent to the equation on R x M after rescal¬ 
ing of the metric. So we can only consider the instanton equation 

*Fx + *Qz -^A = 0 

on the cone C{M) over M. Since 

*zQz = * Qz = + dtA *mQ), 


by direct calculate, *zQz is closed. This implies that the instantons also satisfy the pure 
Yang-Mills equations with respect to the metric gz- 

Proposition 3.4. Let Abe a instanton on Z = H x M, here M is a closed Riemannian 
n-manifold, n > 4, which admits a smooth 3-form P and a smooth A-form Q those satisfy 
equations di.2l) and di.51) . Then the connection A is a Yang-Mills connection on C{M). 

After rescaling of the metric. 

Fa a *Fa = A *Fa. 


The curvature Fa is -bounded over Z. We shall prove that the curvature Fa is still 
-bounded over C{M) by the following lemma. 

Lemma 3.5. Let A be a instanton on Z = H x M with L^-bounded curvature Fa, i.e. 

I {Fa a *Fa) < -t-oo, 

JnxM 

here M is a closed Riemannian n-manifold, n > 4, which admits a 3-form P and a 
4-form Q those satisfy equations di.2D and di.5D . Then 

/ {Fa a *Fa) < -fco. 

Jrxm 

Proof From theorem [33l we have 

poo 

Ln-3{T) = / e^^-^^^\\FA\\l2(M)dt < 


Then for any constant T e [0, cxd), we have 


(Fa a *Fa) = / e("-3)*(FA A *Fa) 


'RxM 


'RxM 


eP-^d{FA A *Fa) 


J (—oo,T]xM J[T,oo)xM 

< [ (Fa a *Fa) + L^_,{T) < +cx) 

JrxM 


□ 


We only consider instantons with -bounded curvature on the cone of M. In the next 
section, we will give a vanishing theorem for Yang-Mills connection with finite energy on 
the cone of M. 
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4 Vanishing Theorem for Yang-Mills 


In this section, notations may be different from the previous sections. We use the confor¬ 
mal technique to give the vanishing theorem for Yang-Mills connection on the cone of 
M. 

Let M be a Riemannian n + 1-manifold. Suppose X G r(rM) is a conformal vector 
field on (M, g), namely, 

Cx9 = 2fg 

where / G C°°{M). Here Cx denotes the Lie derivative with respect to X. 

The vector field X generates a family of local conformal diffeomorphism. 


Ft = expitX) ■. M ^ M 

This family of local conformal diffeomorphism can induce a bundle automorphism. Ft, of 
the principal bundle P. Such a lift is readily obtained from a connection on P by setting 
Ft = exp(fX) where X is the horizontal lift of Y on P. If Y is the connection form we 
have i^A = 0 since X is horizontal. Thus the Lie derivative of A is can be expressed in 
terms of the curvature F^: ^xA = i^dA -f di^A = ix{FA ~ = ^xFa- And 

hence FtA = A + UxFa + o{t^). One can see the detailed process in ifT^ . 

We will consider the variation of the Yang-Mills functional under the family of diffeo¬ 
morphism. 

YM{A,g)= f \FA\^dVolg 

Jm 

where dVolg = y/detgdx is the volume form of M. 

A := \FA\^dVolg 


is an n-form on M. For any g G C^{M) 


0 = / d[{ixX)ri] = / gd{ix\) + dg A ixX 

Jm Jm Jm 


= / gCxX+ / dgAixX 

Jm Jm 


that is 


gCxJ^ = — dg A fxA 


(4.1) 


'm 


' M 


where ix stands for the inner product with the vector X. Now, let us compute £xA. 


Lemma 4.1. Let X = Tt^Fa A *Fa) and X be a smooth vector field on M satisfying 
Cxg = 2fg, then 


CxX = (n - 3)/A -f 2Tr[dA{ixFA) A *Fa) 
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Proof. In local coordinates the n-form A 

A = Tr{FA A *Fa) = g'^hrFikFji^^gdx^ A ... A dx^ 

is conformal of weight n — 3, i.e. X{A,e^^g) = X{A, g) for any / E C°°. The 

vector field X satisfies Cxg = 2fg, so 

F:g = exp{2 [ F:f)g. 

Jo 

Since A is conformal with wight n — 3, 

{F:X)(A,g) = A(F;AF,-9) = exp{(n-3) f F;f ) ■ \(F;A,g) 

Jo 

= (l + (n - 3)tf + o(t^)) 

X Tr[FA A *Fa + 2tdA{ixFA) A *Fa + o{f)) 

= Tr{FA A *Fa + t{n - 3)/F^ A *Fa) 

+ 2tTr{dA{ixFA) A *Fa) + o{t^) 

where we used the fact F^f = f + o{f) and F^A = A + UxFa + o{f^). By the definition 
of Lie derivative 

CxX = j^{F:X)\t=, = {n- 3)/A + 2Tr{dA{ixFA) A *Fa). (4.2) 

□ 


We consider M = R x iV with metric 


gM = e^\dt^ + gx) 

where is a compact Riemannian n-manifold, n > 4, with metric gx- Then the vector 
field X = -^ satisfies 

FxgM = dX ■ e^^{dt^ + gx) + e^^{Cxdt^) = 2gM, 


and in this case, / = 1. 


Theorem 4.2. Let {M, gM) be a Riemannian manifold as above. Let Abe a Yang-Mills 
connection with L^-bounded curvature Fa, i.e. 



< +CXD 


over M. Then A must be aflat connection. 
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Proof. From (14.11) and (14.21) . we have 


M 




(4.3) 


The second term in the second line vanishes since A is a Yang-Mills connection. 


We choose the cut-off function with r]{f) = 1 on the interval |f| < T, rjit) = 0 on the 
interval |f| > 2T, and \dr]\ < 2T~^. Then dr; has support in T < |f| < 2T and |Y(f)| = 1, 



Letting T —)■ oo we get 



Then Fa = 0. 


□ 
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